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Pulse propagation in high-gain optical fiber amplifiers with normal group-velocity dispersion has been studied
by self-similarity analysis of the nonlinear Schro¨dinger equation with gain. For an amplifier with a constant
distributed gain, an exact asymptotic solution has been found that corresponds to a linearly chirped parabolic
pulse that propagates self-similarly in the amplifier, subject to simple scaling rules. The evolution of an ar-
bitrary input pulse to an asymptotic solution is associated with the development of low-amplitude wings on the
parabolic pulse whose functional form has also been found by means of self-similarity analysis. These theo-
retical results have been confirmed with numerical simulations. A series of guidelines for the practical design
of fiber amplifiers to operate in the asymptotic parabolic pulse regime has also been developed. © 2002 Op-
tical Society of America
OCIS codes: 190.4370, 060.5530, 060.2320.1. INTRODUCTION
Self-similarity is a fundamental property of many physi-
cal systems and has been studied extensively in diverse
areas of physics such as hydrodynamics, solid-state phys-
ics, and biophysics.1 In particular, the presence of self-
similarity can be exploited to produce exact solutions to
partial differential equations that describe a physical sys-
tem by use of the mathematical technique of symmetry
reduction to reduce the number of degrees of freedom. In
optics, the use of such techniques has not been wide-
spread, but some important results were obtained previ-
ously in the study of pattern formation,2 Hill grating
growth,3 Raman scattering,4 the evolution of self-
written waveguides,5 and the formation of Cantor set
fractals in soliton systems.6,7 Recently, self-similarity
methods were applied to the study of pulse propagation in
optical fiber amplifiers with normal group-velocity disper-
sion (GVD), showing that linearly chirped parabolic
pulses are self-similar solutions of the nonlinear Schro¨-
dinger equation (NLSE) with gain.8,9 These results have
extended previous theoretical and numerical studies of
parabolic pulse propagation.10,11 In addition to being of
fundamental interest because they represent a new class
of solution to the NLSE with gain, self-similar parabolic
pulses also have wide-ranging practical significance be-
cause they can be propagated at high power without un-
dergoing pulse distortion as a result of optical wave
breaking, and their linear chirp leads to highly efficient
pulse compression to the sub-100-fs domain.12
In the previously published theoretical description of
self-similar pulse propagation in optical fiber amplifiers,9
it was assumed that pulse propagation occurs in the am-
plifier at very high intensities. It was thus possible to0740-3224/2002/030461-09$15.00 ©demonstrate parabolic pulse solutions for an amplifier
with an arbitrary longitudinal gain profile, generalizing
the results originally obtained by Anderson et al. for a
normal GVD undoped fiber.10 However, although the nu-
merical results obtained by Tamura and Nakazawa11 sug-
gested that parabolic pulses are naturally generated in
high-gain fiber amplifiers, such was not explicitly shown
in Ref. 9. In this paper we consider this issue in detail
for the particular case of a normal GVD fiber amplifier
with constant distributed gain. For the associated NLSE
with constant gain, self-similarity techniques are used to
show that the linearly chirped parabolic pulse solution is
an exact asymptotic solution toward which any arbitrary
input pulse will evolve with sufficient propagation dis-
tance, giving a rigorous demonstration of the result stated
in Ref. 8. In addition, we are also able to apply self-
similarity techniques to describe the presence of the low-
amplitude exponentially decaying wings that appear on
the parabolic pulse as it evolves toward the asymptotic
limit.
The paper is organized as follows: In Section 2 we de-
scribe the way in which the assumption of self-similarity
simplifies the analysis of the NLSE, leading to the
asymptotic linearly chirped parabolic pulse solution.
Subsection 2.A describes the theory, Subsection 2.B pre-
sents results of numerical simulations that confirm the
theoretical results obtained, and Subsection 2.C presents
a series of guidelines for the practical design of fiber am-
plifiers to operate in the asymptotic parabolic pulse re-
gime. One result of the simulations that will become ap-
parent is the appearance of low-amplitude wings on the
parabolic pulse that appear during propagation in the
amplifier. In Section 3 we consider these wings in detail,2002 Optical Society of America
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solution to the NLSE with gain that can also be described
analytically by use of self-similarity techniques. Section
4 concludes the paper.
2. SELF-SIMILAR PARABOLIC PULSE
SOLUTION TO THE NONLINEAR
SCHRO¨DINGER EQUATION WITH GAIN
A. Theory
We consider pulse evolution in a fiber amplifier in the ab-
sence of gain saturation and for incident pulses with spec-
tral bandwidths less than the amplifier bandwidth. Such
an analysis is well-suited to describe experiments that
use high-gain broadband rare-earth fiber amplifiers,8
and, in this case, pulse propagation can be described by
the NLSE with gain:
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Here C(z, T) is the slowly varying envelope of the pulse
in a comoving frame, b2 is the GVD parameter, g is the
nonlinearity parameter, and g is the distributed gain co-
efficient. The evolution of the pulse energy U(z)
5 *2‘
‘ uC(z, T)u2dT (from z 5 0) in the amplifier satisfies
the conservation integral
U~z ! 5 U in exp~ gz !, (2)
where U in 5 U(0).
From the previous research of Afanas’ev et al.2 and
Anderson et al.10 we anticipate that for normal GVD
there will exist a linearly chirped solution to Eq. (1) that,
after some period of initial evolution, scales self-similarly
as it propagates in z. To find such a self-similar solution,
we expand the field in terms of a positive definite ampli-
tude and phase, C(z, T) 5 A(z, T)exp@iF(z, T)#, and sub-
stitute this equation into Eq. (1) to obtain the following
coupled equations in A and F:
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These coupled equations are now simplified with the as-
sumption of self-similar evolution in the amplifier. In
particular, the key step in self-similarity analysis is to re-
duce the number of degrees of freedom of the system by
rewriting these equations in terms of carefully chosen
combinations of the original variables. Methods based
on Lie algebra do exist for determining such self-
similarity variables in a formal way,13 but instead, moti-
vated by previous results obtained in Refs. 2 and 10, we
search for a linearly chirped solution of the form
A~z, T ! 5 f~z !F~z, T ! 5 f~z !F~q!, (5)
F~z, T ! 5 w~z ! 1 C~z !T2, (6)
where the self-similarity variable q is given by
q 5 f 2~z !exp~2gz !T. (7)In the amplitude term, Eq. (5), f(z) has the same dimen-
sions as C(z, T) and describes the evolution of the peak
amplitude of the pulse with propagation distance z,
whereas F(q) is a normalized, dimensionless function
that describes the evolution of the temporal profile. In
the phase term, Eq. (6), w(z) and C(z) are the
z-dependent phase offset and chirp parameter, respec-
tively. It should be noted that the explicit form of the
amplitude term was found based on the constraint that,
for the particular choice of q [Eq. (7)], the conservation in-
tegral, Eq. (2), be satisfied. This can be easily verified by
the integrals
U~z ! 5 f 2~z !E
2‘
‘
F2~q!dT 5 exp~ gz !E
2‘
‘
F2~q!dq, (8)
U~0 ! 5 f 2~0 !E
2‘
‘
F2~ f2~0 !T !dT 5 E
2‘
‘
F2~q!dq. (9)
With these transformations we can rewrite coupled
equations (3) and (4) in terms of F(q), f(z), w(z), and
C(z):
df
dz
5 b2Cf 1
g
2
f, (10)
S 2b2C2 2 dCdz D 1f 6 exp~2gz !q2 2 1f 2 dwdz
5
b2
2
f 2
F
d2F
dq2
exp~22gz ! 2 gF2. (11)
Thus, by reducing the number of degrees of freedom, we
have reduced the original problem involving partial dif-
ferential equations to one that involves a system of ordi-
nary differential equations. These equations can be sim-
plified in the asymptotic limit, allowing explicit analytic
solutions for F, f, w, and C to be obtained. In particular,
the term proportional to d2F/dq2 in Eq. (11) can be ne-
glected as z → ‘. With this simplification, and making
use of the fact that F is a function of only one dependent
variable, q, we obtain the following system of coupled
equations for f, w, and C:
S 2b2C2 2 dCdz D 1f 6 exp~2gz ! 5 ag, (12)
1
f 2
dw
dz
5 g. (13)
It follows from Eqs. (11)–(13) that the solution for F(q)
has the form
F~q! 5 A1 2 aq2, uqu < 1/Aa, (14)
and F(q) 5 0 for uqu . 1/Aa. Here a is a constant that
depends on the input parameters, as we shall see below,
and F obeys the normalization condition F(0) 5 1. To
find f(z) we use Eq. (10) in Eq. (12) to obtain
d
dz S 1f dfdz D 2 2S 1f dfdz 2 g2 D
2
1 b2gaf
6 exp~22gz ! 5 0,
(15)
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solution,
f~z ! 5 A0 expS g3 z D , (16)
where A0 is a constant (the peak amplitude) that depends
on the parameters of the system (which we shall deter-
mine below), provided that a 5 g2/18b2gA0
6. Inasmuch
as we consider only square-integrable solutions of Eq. (1),
a must be positive, which implies that gb2 . 0, and thus
we can consider two cases: 1, b2 . 0, g . 0 and 2, b2
, 0, g , 0. For current rare-earth-doped amplifiers we
are restricted to b2 . 0, but we note that the results be-
low also apply to case 2. The form of f(z) given by Eq.
(16) can now be substituted back into Eq. (7) to yield the
explicit form of the self-similarity variable q as
q 5 A0
2 expS 2g3 z DT, (17)
which completes the definition of the function F(q).
Combining the solutions for f(z) and F(q) yields the
asymptotic evolution of the amplitude, A(z, T), which we
can write as
A~z, T ! 5 A0 expS g3 z D F1 2 T
2
Tp
2~z !
G1/2 (18)
at uTu < Tp(z), where A(z, T) 5 0 for uTu . Tp(z) and
Tp(z) defines the effective pulse width:
Tp~z ! 5
6~gb2/2!
1/2A0
g
expS g3 z D . (19)
The solution therefore corresponds to a compactly sup-
ported pulse with a parabolic intensity profile whose zero-
crossing point is given by Tp(z). To determine A0 , we
use Eqs. (8) and (14) to obtain
U~z ! 5 exp~ gz !E
21/Aa
1/Aa
~1 2 aq2!dq
5
8Agb2/2A03
g
exp~ gz !, (20)
which, on comparison with Eq. (2), yields
A0 5
1
2 S gU inAgb2/2D
1/3
. (21)
It remains now to determine the general form of the
phase of the self-similar pulse. Substituting the solution
for f(z) in Eq. (16) into Eq. (10) yields
C~z ! 5 2
g
6b2
, (22)
which is, in fact, independent of z. This then enables us
to find w(z) from Eqs. (13) and (16) to obtain the phase
given by Eq. (6):
F~z, T ! 5 w0 1
3gA0
2
2g
expS 23 gz D 2 g6b2 T2 (23)at uTu < Tp(z), where w0 is an arbitrary constant. Such
a form for the phase yields the following constant linear
chirp Vc :
Vc~T ! 5 2
]F
]T
5
g
3b2
T, uTu < Tp~z !. (24)
The self-similar asymptotic pulse solution is thus
C(z, T) 5 A(z, T)exp@iF(z, T)#, with amplitude A(z, T)
determined by Eqs. (18), (19), and (21) and phase F(z, T)
by Eq. (23). The asymptotic scaling predicted by these
results is associated with the exponential growth of the
pulse amplitude and width, with the asymptotic pulse
characteristics determined only by the energy, and not the
specific shape or width, of the initial pulse. The linear
chirp across the asymptotic pulse is independent of z, but,
as the pulse broadens temporally, the leading and trailing
edges become increasingly redshifted and blueshifted, re-
spectively, and the pulse’s spectral width also increases.
Indeed, it is possible to obtain an analytical expression for
the spectrum of this asymptotic parabolic pulse, defined
by
C˜~z, v! 5
1
A2p
E
2‘
‘
C~z, T !exp~ivT !dT, (25)
by the method of stationary phase,10,14 which yields
uC˜~z, v!u2 5
3ub2uA02
g
expS 23 gz D F1 2 v
2
vp
2~z !
G (26)
at uvu < vp(z), and uC˜(z, v)u2 5 0 for uvu . vp(z), which
is also a parabolic function. Significantly, the scaling law
for the increase in spectral width with propagation dis-
tance is also found to be exponential and is given by
vp~z ! 5 A2g
b2
A0 expS g3 z D , (27)
where A0 is defined by Eq. (21).
B. Numerical Simulations
The analytical results presented above have been con-
firmed by numerical simulation of the NLSE with gain by
use of the standard split-step Fourier method. We first
consider the evolution of a Gaussian input pulse in an
amplifier with realistic parameters corresponding to
those of currently available Yb31:doped fiber.8 In this
case we consider a 6-m amplifier with a total integrated
gain of 50 dB, so g 5 1.9 m21, b2 5 25 3 10
23 ps2 m21,
and g 5 5.8 3 1023 W21 m21. The input pulse is chosen
to have an energy U in 5 12 pJ, and DT0 5 200 fs
(FWHM). Figure 1(a) shows the pulse evolution obtained
from the simulations with a standard three-dimensional
evolution plot that illustrates the expected increase in
peak intensity and pulse width as well as the parabolic
nature of the pulse in the latter stages of the amplifier.
To illustrate clearly the various stages of pulse evolution,
we have also included in the figure the pulse intensity
profile obtained from simulations in 1-m increments, plot-
ting [Fig. 1(b)] the intensity on a logarithmic axis and
[Fig. 1(c)] the normalized pulse intensity on a linear scale.
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intensity profile is the steepness of the slope on the pulse
edges, which decay much faster than they would on either
a Gaussian or a hyperbolic secant pulse. This property
enables us to determine when a pulse is entering the
parabolic regime because, as T → Tp(z), the edges of the
intensity profile (plotted on a logarithmic scale) become
vertical. From the curves in Fig. 1(b) we see that, for our
parameters, the pulse first starts to exhibit these charac-
teristic steep edges after ;4 m, and by 6 m the edges are
nearly vertical over 10 orders of magnitude. Moreover,
the plots in Fig. 1(c) show that the parabolic nature of the
pulse is also apparent on a linear scale. [Note that the
low-amplitude wings on the parabolic pulse region at
power levels of ,1025 W seen by use of the logarithmic
plot in Fig. 1(b) are discussed in Section 3 below.]
Figure 2(a) shows the intensity uC(z, T)u2 and chirp
Vc(T)/2p (in terahertz) for the parabolic output pulse ob-
tained after 6 m of propagation, with the simulation re-
sults compared with the theoretical predictions of Eqs.
(18), (19), and (21) for the intensity and Eq. (24) for the
linear chirp. It is clear that there is very good agreement
between simulations and theory over the central region of
the pulse, confirming our analytical model of the para-
bolic pulse characteristics in the asymptotic regime. For
completeness, Fig. 2(b) compares the spectrum obtained
from simulations with that predicted by Eq. (26), which
shows good agreement in the form of the spectral enve-
lope. The simulations do, however, show oscillations in
the spectrum that are not expected in the exact
asymptotic limit. We have found that the corresponding
time-domain feature associated with these spectral oscil-
lations is the deviation of the chirp across the parabolic
Fig. 1. Evolution of a Gaussian input pulse toward a parabolic
output pulse in a 6-m normal-GVD fiber amplifier. (a) Three-
dimensional representation. (b) Intensity in 1-m increments on
a logarithmic scale. (c) Normalized intensity in 1-m increments
on a linear scale. Amplifier and pulse parameters are given in
the text.pulse from exact linearity. Indeed, imposing an exact lin-
ear chirp across the pulse profile obtained from simula-
tions and shown in Fig. 2(a) gives an oscillation-free spec-
trum that is in excellent agreement with the asymptotic
theoretical prediction.
An important prediction of the self-similarity analysis
presented above is that, for a given amplifier, it is only the
energy of the initial pulse, and not the pulse’s specific
shape, that determines the asymptotic pulse characteris-
tics. Thus we expect that, for a fixed energy, input pulses
of a wide range of pulse durations and profiles should all
evolve to a parabolic pulse with the same amplitude and
width.
First, to determine the influence of the input pulse
width, we consider the evolution of Gaussian input pulses
with pulse durations that range from 100 fs to 5 ps
(FWHM) but with fixed energy U in 5 12 pJ, again in a
6-m-long Yb31-doped fiber amplifier with parameters as
above. To compare the evolution of the different input
pulses, we show in Fig. 3 the evolution of the amplitude
(top), and the effective width (bottom), obtained from
simulation results, with analytic predictions for A(z, 0)
and Tp(z) given by Eqs. (18), (19), and (21). (For this fig-
ure the effective width of the simulation results was esti-
mated from a parabolic fit to the pulse intensity profiles.)
It is clear from these results that, for a given amplifier,
the rate at which a pulse evolves to the parabolic pulse
solution depends strongly on the choice of the input pulse
width. This is to be expected, because for a fixed energy
a broader temporal width implies a lower peak power.
We therefore expect that the initial nonlinear evolution
will be substantially different for the various input
pulses. Indeed, we notice that the pulse with the largest
input pulse width (and hence the lowest peak power) is
the slowest pulse to converge to the parabolic pulse solu-
tion. Nevertheless, after 5 m the different evolution
maps overlap, indicating that the pulses have reached the
asymptotic limit in all cases.
Fig. 2. (a) Intensity (left axis) and chirp (right axis) for the
parabolic output pulse corresponding to Fig. 1. Simulation re-
sults (curves) are compared with asymptotic theoretical predic-
tions (open circles). (b) Corresponding spectra for simulation re-
sults (curves) and asymptotic theoretical predictions (open
circles).
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pulses with the same energy but with different input pro-
files. In particular, we choose a Gaussian pulse,
C(0, T) 5 AP0 exp@21/2(T/T0)2#; a hyperbolic secant
pulse, C(0, T) 5 AP0 sech(T/T0); and a super-Gaussian
pulse, C(0, T) 5 AP0 exp@21/2(T/T0)2m#, where m 5 3,
for the same amplifier and input energy considered above.
The initial FWHM pulse duration is 200 fs in all cases.
The curves at the top of Fig. 4 show the input pulse pro-
Fig. 3. Evolution of pulse amplitude (top) and pulse width (bot-
tom) as functions of propagation distance in the 6-m normal-
GVD fiber amplifier. The theoretical predictions for the
asymptotic parabolic pulse evolution (solid curves) are compared
with the results obtained for simulations with Gaussian pulses of
different pulse durations yet identical energy of 12 pJ. Ampli-
fier parameters are given in the text.
Fig. 4. Pulse characteristics for input pulses with (a) Gaussian
(leftmost column), (b) hyperbolic secant (middle column), and (c)
super-Gaussian (rightmost column) profiles. The top figure in
each column shows the input pulse; the middle figure shows the
output pulse from simulations (curves) compared with
asymptotic theoretical predictions (open circles), and the bottom
figure shows the corresponding spectra for simulation results
(curves) and asymptotic theoretical predictions (open circles).
Amplifier and pulse parameters are given in the text.files for these three cases, with the temporal and spectral
characteristics of the output pulses shown in the lower
two rows. The solid curves are the simulation results,
and the open circles are the theoretical predictions. In
all cases the general form of the intensity profile and the
chirp are in good agreement with the analytical results.
However, for the super-Gaussian input pulse, Fig. 4(c), we
notice a strong oscillatory structure on the edges of the
temporal intensity profile and on the chirp, which results
in rapid oscillations over the spectral profile. However,
additional simulations show that the energy content asso-
ciated with these oscillations decreases relative to the en-
ergy of the parabolic pulse envelope if the propagation is
continued over longer amplifier lengths and that the out-
put intensity approaches the strictly parabolic profile ex-
pected from theory.
C. Design Criteria for Parabolic Pulse Amplifiers
Based on the preceding discussion, it is clear that differ-
ent input pulses undergo significantly different evolution
toward the asymptotic parabolic pulse solution. From an
experimental point of view, these results are important,
as they indicate that a careful choice of the input pulse
and amplifier characteristics can greatly accelerate evolu-
tion to the parabolic pulse regime. This evolution has
been investigated with an extensive series of simulations,
which have clearly shown that certain initial values of the
parameters DT0 and U in , in conjunction with the ampli-
fier parameters g, b2 , and g, allow for the most efficient
convergence to the parabolic pulse solution.
To find the optimum choice of DT0 , we start from the
equation for the effective width parameter Tp(z) given in
Eq. (19). Given b2 , g, g, and A0 [from Eq. (21)], we can
calculate Tp(z) at z 5 0 to obtain
Tp~0 ! 5
6Agb2/2A0
g
, (28)
which we might expect to be close to the initial pulse
width that yields the fastest convergence to the
asymptotic parabolic pulse solution. Although it is
meaningless to refer to the effective width, Tp , of a non-
parabolic input pulse, our simulations nonetheless sug-
gest that the use of Tp(0) as the FWHM duration of an
input pulse is associated with an evolution map that rap-
idly enters the asymptotic regime. We are now in a po-
sition to reinterpret Fig. 3, which showed the evolution
for a variety of pulses of different input pulse durations.
For this particular combination of amplifier parameters
and input pulse energy, Eq. (28) yields Tp(0) 5 0.19 ps,
consistent with the results presented in the figure, where
clearly the 0.2-ps FWHM input pulse was the fastest to
converge to the parabolic pulse regime.
Experimentally, the fiber parameters b2 and g cannot
generally be modified. However, it is often possible to
control the fiber gain, as well as the pulse energy and du-
ration, so Eq. (28) can be used for practical experimental
design. For example, for a pulse of fixed energy, the ap-
propriate pulse width may be able to be varied to ensure
optimal evolution in an amplifier with a given gain. For
this case, Fig. 5(a) shows a plot of Tp(0) as a function
of g with b2 5 25 3 10
23 ps2 m21, g 5 5.8 3 1023
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lar curves can be constructed for any choice of fiber pa-
rameters and input pulse energy.) Under these condi-
tions, when g 5 2 m21, a pulse with an initial FWHM
width of Tp(0) 5 0.2 ps gives the best convergence to the
parabolic pulse solution. Experimentally, if it is difficult
to control the duration, of the input pulse, the amplifier
design may still be optimized if it is possible to vary the
pulse energy over a wide range. Fixing Tp(0) and rear-
ranging Eq. (28), we can determine the value of the input
pulse energy U in that gives the fastest convergence to the
parabolic pulse solution:
U in 5
2Tp
3~0 !g2
27gb2
. (29)
Figure 5(b) shows a plot of U in as a function of g with the
same amplifier parameters as in Fig. 5(a) but with
Tp(0) 5 0.2 ps. Under these conditions, when g
5 2 m21, U in 5 16.5 pJ is the initial energy, which con-
verges most quickly to the parabolic pulse solution, as we
would expect given the results of Fig. 5(a).
We now introduce a characteristic length that will de-
scribe the distance over which a pulse needs to propagate
in the fiber amplifier to reach the parabolic regime. This
is a useful guide for choosing the minimum amplifier
length required for reaching the region in which the pulse
propagates self-similarly. In Subsection 2.A we consid-
ered the limit z → ‘, so we could neglect the term pro-
portional to d2F/dq2 in Eq. (11) as it asymptotically tends
to zero. This follows from Eqs. (11), (14), and (16) be-
cause the ratio
G 5 ugF2uY U b2
2F
d2F
dq2
f 2 exp~22gz !U (30)
grows exponentially as exp(4gz/3) at z → ‘ for fixed q.
Introducing N as GuT50 5 N2, we define the characteris-
tic propagation length zc(N):
zc~N ! 5
3
2g
lnS Ng6uguA02D , (31)
where we expect that the pulse will be close to the para-
bolic shape at z > zc(N) for some large value of N. In-
deed, simulations indicate that values of N . 100 are as-
sociated with pulse propagation well into the parabolic
regime, with characteristics similar to those shown in Fig.
Fig. 5. (a) Input pulse duration Tp(0) as a function of amplifier
gain; we use Eq. (28) to obtain optimal evolution into the para-
bolic pulse regime. (b) Input pulse energy U in as a function of
amplifier gain, we use Eq. (29) to obtain optimal evolution into
the parabolic pulse regime. Other parameters are given in the
text.2. Figure 6 is a plot of zc(100) as a function of distrib-
uted gain g with the parameters from Fig. 5(b). It shows
that, for g 5 2 m21, the pulse enters the parabolic regime
at ;3.5 m.
3. INTERMEDIATE ASYMPTOTIC
SOLUTION TO THE NONLINEAR
SCHRO¨DINGER EQUATION WITH GAIN
From the analysis above, we note that, although at uTu
5 Tp(z) the amplitude of the parabolic solution in Eq.
(18) has an infinite slope, a strictly parabolic pulse is
reached only in the asymptotic limit z → ‘. At interme-
diate propagation distances, the simulation results in Fig.
1(b) show the presence of low-amplitude wings on the
parabolic pulse whose amplitude decreases with propaga-
tion distance and whose linearity when it is plotted on a
logarithmic scale indicates that the wings are exponen-
tially decaying functions of T.
In this context, we note that a well-known property of
some self-similar systems is the presence of an interme-
diate asymptotic solution that describes the scaling of cer-
tain properties of the system, which is valid in an inter-
mediate propagation regime between z → 0 and z → ‘.1
Establishing an intermediate asymptotic solution pro-
vides important information regarding the transition
from the original non-self-similar solution to the final ex-
act asymptotic solution. The simulation results above
suggest that the development of exponentially decaying
wings on the parabolic pulse is associated with the tran-
sition of an injected input pulse toward the asymptotic
parabolic pulse solution, and we are thus motivated to
search for an intermediate asymptotic solution that de-
scribes these wings.
We begin this analysis by reexamining the asymptotic
approximation that the term in Eq. (11) proportional to
d2F/dq2 can be neglected. Here we consider the more
general case of a solution that consists of (i) a high-
intensity region uTu < Tp(z), where this approximation
holds and the parabolic pulse solution above remains
valid, and (ii) a low-intensity region in the wings uTu
. Tp(z), where this term can no longer be neglected.
Obtaining the solution for the low-intensity wings is fa-
cilitated by the fact that in this case we can neglect the
last term in Eq. (11) that is proportional to F2, which cor-
responds to the limit G → 0 in Eq. (30).
In particular, we assume that the solution in the wings
has the same self-similar form as before:
Aw~z, T ! 5 fw~z !Fw~z, T ! 5 fw~z !Fw~qw!, (32)
Fig. 6. Characteristic propagation distance zc(100) correspond-
ing to an amplifier length sufficient for parabolic pulse charac-
teristics to be observed, plotted as a function of amplifier gain.
Other parameters are given in the text.
Kruglov et al. Vol. 19, No. 3 /March 2002/J. Opt. Soc. Am. B 467Fw~z, T ! 5 ww~z ! 1 Cw~z !T
2, (33)
where self-similarity variable qw is given by
qw 5 fw
2~z !exp~2gz !T, (34)
although we have introduced the subscript w to denote
the solution in the wings. Considering Eqs. (10) and (11),
we obtain the following set of equations for Fw(qw),
fw(z), ww(z), and Cw(z) in the limit G → 0:
dfw
dz
5 b2Cw fw 1
g
2
fw , (35)
S 2b2Cw2 2 dCwdz D exp~4gz !qw
2
fw
8 2
exp~2gz !
fw
4
dww
dz
5
b2
2Fw
d2Fw
dqw
2 , (36)
where the right-hand side of Eq. (36) is a function of only
one variable, q. From Eqs. (35) and (36) we obtain the
following set of equations:
S 2b2Cw2 2 dCwdz D fw28 exp~4gz ! 5 2b22 b, (37)
fw
24 exp~2gz !
dww
dz
5 2
b
2
b0 , (38)
d2Fw
dqw
2 5 ~b0 2 bqw
2!Fw,
(39)
where b and b0 are arbitrary constants.
We begin by considering the solution for Fw , because
Eq. (39) is readily seen to be a form of Weber’s differential
equation whose solutions are the well-known Weber para-
bolic cylinder functions.15 However, it can be
demonstrated16 that physically meaningful (positive defi-
nite) solutions for Fw and fw require that the arbitrary
constant in this equation be b 5 0. With this restriction,
we obtain the solution for Fw(qw) as
Fw~qw! 5 F0 exp~2luqwu!, (40)
where l 5 Ab0. Here we also note that a physical solu-
tion requires the additional constraint that b0 . 0 be-
cause, for b0 , 0, Fw(qw) is complex, and for b0 5 0,
Fw(qw) is independent of T. We can find the correspond-
ing solution for fw(z) at b 5 0 by combining Eqs. (35) and
(37) to obtain
d
dz S 1fw dfwdz D 2 2S 1fw dfwdz 2 g2 D
2
5 0. (41)
When we use the same normalization condition as in Sub-
section 2.A that F0 5 1, Eq. (41) leads to the solution for
fw(z):
fw~z ! 5
Bw
Az
expS g2 z D , (42)
where Bw is an amplitude parameter that we shall see de-
pends on the input pulse and amplifier parameters.
Given fw(z) and Eq. (34), we obtain the new self-
similarity variable qw :qw 5
Bw
2T
z
, (43)
so, combining the solutions given by Eqs. (40)–(43), we ob-
tain the amplitude Aw(z, T) in the region of the wings as
Aw~z, T ! 5
Bw
Az
expS g2 z D expS 2L uTuz D (44)
at uTu . Tp(z), where we define L 5 lBw
2. This solu-
tion implies that, for intermediate asymptotic distances,
the wings of the parabolic pulse decay exponentially as a
function of T, confirming the simulation results in Figs.
1(b) and 2(a).
To completely determine the self-similar solution in the
region uTu . Tp(z), we now consider the solution for the
phase of the pulse. The form of the chirp parameter Cw
follows from Eqs. (37) and (42) as
Cw~z ! 5 2
1
2b2z
. (45)
Then, on solving Eq. (38) with Eq. (42), we find, given
Eqs. (33) and (45), the form of the phase:
Fw~z, T ! 5 w0 1
b2L
2
2z
2
T2
2b2z
, uTu . Tp~z !,
(46)
where w0 is an arbitrary constant. The corresponding
linear chirp Vw,c is given by
Vw,c~z, T ! 5 2
]Fw
]T
5
T
b2z
, uTu . Tp~z !. (47)
This implies that the slope of the chirp in the wings of the
pulse is fundamentally different from that in the para-
bolic region, as it depends on propagation distance z. It
is also easy to show that the energy in the wings goes to
zero as z → ‘.
Equations (44) and (46) define the solution for the low-
intensity regions of a pulse propagating in a normal-
dispersion fiber amplifier under the influence of constant
distributed gain, up to the undetermined parameters Bw
and L. Together with the results in Section 2, we now
have a complete solution that describes the evolution of
an arbitrary input pulse in a normal-dispersion fiber am-
plifier. However, unlike in Section 2, where all the pa-
rameters of the solution could be explicitly determined by
use of conservation integral Eq. (2), there is no appropri-
ate conservation integral in the region uTu . Tp(z).
Such a solution is known as an intermediate asymptotic
solution of the second kind, and the unknown parameters
of the solution must be found by use of numerical simula-
tions together with dimensional analysis to determine the
particular dependence of Bw and L on the system
parameters.1
Although in principle it is possible to carry out such an
analysis for any arbitrary input pulse, we have consid-
ered only pulses with Gaussian and hyperbolic secant
pulse profiles with energy U in and rms width Dt in . In
this case, the results for an input Gaussian pulse are
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3
Dt in
b2
, Bw . 250b222g3/2U in2Dt in2, (48)
and, for an input hyperbolic secant pulse,
L .
7
4
Dt in
b2
, Bw . 4b221g1/4g1/4U in3/4Dt in5/4.
(49)
To verify the analytical predictions of expressions (48)
and (49), we consider again the parameters used in Fig. 4
for 6 m of propagation in a Yb31-doped fiber amplifier. In
Figure 7, the solid curves show the simulation results for
the input Gaussian and hyperbolic secant pulses shown
previously in Figs. 4(a) and 4(b) but here plotted on a
logarithmic scale to emphasize the low-amplitude fea-
tures. The exponentially decaying nature of the wings is
clearly seen, and the simulation results (solid curves) are
compared with the theoretical predictions for the interme-
diate asymptotic solution (open circles). The excellent
agreement for the two pulse shapes confirms our interme-
diate asymptotic analysis.
Interestingly, we note that the amplitude of the wings
is somewhat lower in Fig. 7(a) than in Fig. 7(b), suggest-
ing that the amplifier output that corresponds to the
Gaussian input pulse is closer to the asymptotic parabolic
pulse solution than the output obtained with a hyperbolic
secant pulse input. This implies that more rapid conver-
gence to the parabolic pulse solution is obtained with an
input Gaussian pulse profile, which we attribute physi-
cally to the fact that the wings of the Gaussian pulse de-
cay faster than those of the hyperbolic secant in the ini-
tial period of evolution.
4. CONCLUSIONS
The self-similarity analysis presented here yields an
asymptotic analytical form for a pulse generated under
the combined action of self-phase modulation and disper-
sion in the normal-dispersion regime when the propaga-
tion is well described by the nonlinear Schro¨dinger equa-
tion with constant gain. This generated pulse shape is
remarkably simple; it has a parabolic envelope with a
strictly linear chirp. The analysis has been extended to
include an intermediate asymptotic solution that applies
to the wings of the pulse in the region of transition toward
the ultimate parabolic profile. These wings also have a
Fig. 7. Simulation results (curves) compared with theoretical
asymptotic and intermediate asymptotic predictions (open
circles) over the central parabolic region and the wings for (a) a
Gaussian and (b) a hyperbolic secant input pulse. Amplifier and
pulse parameters are given in the text.simple exponential shape and a linear chirp, but this
chirp is different from that of the central (parabolic) re-
gion.
The existence of parabolic pulses has been verified both
by numerical simulations and by the experiments previ-
ously described in Ref. 8, and the results presented here
can be expected to have wide application, limited only by
the restriction that the bandwidth of the generated para-
bolic pulses cannot exceed the gain bandwidth of the am-
plifier. An important extension of this research concerns
the application of the asymptotic self-similarity analysis
described here to the case of a fiber amplifier with an ar-
bitrary longitudinal gain profile. Although the theoreti-
cal and numerical results for this case previously ob-
tained in the high-intensity limit9 certainly suggest that
the parabolic pulse profile is a universally stable shape
that is always generated in fiber amplifiers, irrespective
of the particular gain profile, a rigorous demonstration of
this conclusion remains an open problem.
A further important feature of these results concerns
the asymptotic nature of the evolution, which ensures
that the pulse shape is stable against perturbations. A
formal analysis shows that the parabolic pulse solution
and the wings are stable.16 Linearly chirped parabolic
pulses (which can be effectively compressed) can thus be
expected for any input pulse shape and in the presence of
collisions and other perturbations within the amplifier.
The final shape of the pulse is determined principally by
the energy of the input pulses. For the case of a double-
clad Yb31-doped fiber amplifier (for which parabolic pulse
shapes have already been demonstrated), the peak power
and the pulse duration of the compressed pulses are com-
parable with those generated in a high-power mode-
locked Ti-sapphire laser.
J. D. Harvey’s e-mail address is j.harvey
@auckland.ac.nz. That of J. M. Dudley is john.dudley
@univ-fcomte.fr.
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